Abstract. We propose a laser cooling mechanism that leads to a temperature significantly lower than the single-photon recoil limit, about 4 × 10 −4 E r . This mechanism benefits from sharp and high-contrast spectra which are induced by interacting dark-state resonances. It is theoretically demonstrated that four-level atoms illuminated by two counter-propagating probe beams and two additional beams directed perpendicularly to other two, exhibit new cooling effects; For red detuned probe lasers, atoms can be subject to a strong viscous force with an extremely small diffusion, characteristic of heating caused by the stochastic nature of spontaneous emission processes. By quantum mechanical simulations, we then find that the lowest temperature approaches 0.3 nK for the case of mercury, significantly lower than the recoil energy limit. A further advantage of our proposed scheme is that there is no need for an external magnetic field or a strong external confining potential.
Introduction
Laser cooling and trapping have revolutionized the landscape of atomic physics and research in this area has been awarded a number of Nobel prizes during the last two decades [1, 2, 3, 4, 5] . Some of the applications that have and will continue to benefit greatly from these advances are atom interferometry [6] , atom lithography [7] , precision laser spectroscopy [8] , quantum information processes [9] , measurement of ultracold chemical reactions [10] , and study of few-body phase transitions [11, 12, 13, 14] .
It is now more than four decades since Hänsch and Schawlow realised that narrow linewidth lasers could exert a significant force on atoms and could be used for cooling [15, 16] . This proposal, the first cooling mechanism for neutral atoms, started with a low-density gas interacting with a single laser beam. With lasers confined to the lower half of the Doppler linewidth, only those atoms which are moving towards the laser source find the Doppler-shifted up in frequency so that they can lose energy and momentum. Investigating competition between cooling and heating due to the stochastic nature of the spontaneous emission process, one can find the equilibrium temperature which is limited by the natural width of the excited states. For a typical atom, this temperature, known as Doppler temperature, is of order of 10 −4 K [17] . It soon appeared that such a limit can be beaten [18] and after that, laser cooling to temperatures below the Doppler limit has been an area of much activity, both in experiment and in theory. One key feature of the models, distinguishing from the earlier works on the Doppler cooling, relates to the fact that the multi-level structure of atoms plays a substantial role in cooling processes [19, 20] . Many experiments have been conducted on diverse configurations leading to sub-Doppler cooling, among which are polarization gradient cooling [18, 21] , velocity selective magnetic resonance cooling [22] , and cooling by Raman resonances [23] . For more comprehensive listing and description of the configurations, the reader is referred to [24, 25] .
On the other hand, the phenomenon of dark-state or coherent population transfer [26] , a well-known concept in quantum optics and laser spectroscopy, forms the base for a wealth of important effects, such as electromagnetically induced transparency (EIT) [27] , lasing without inversion [28] , femto-second generation [29] , and slow light [30, 31, 32] . In this context, sub-recoil laser cooling methods have been proposed which take advantage of the dark-state resonances [33, 34, 35, 36] . Typically the recoil limit corresponds to a temperature of between 10 −7 and 10 −6 K. A particular instance of these methods is a scheme based on velocity-selective optical pumping of atoms into a nonabsorbing coherent superposition of states, leading to transverse cooling of 4 He atoms to a temperature lower than both usual Doppler cooling limit and the one-photon recoil energy [33] . It is imperative to point out a remarkable work that suggested the use of spectral feature generated by an EIT in a Lambda-type three-level system for approaching a temperature around the single-photon recoil energy [36] . In spite of the pronounced success, there still exists a continuing need for lower temperatures than conventional laser cooling techniques can provide. Double-dark resonance (DDR), a novel spectral feature appearing in a system with multiple coherent interacted superposition states, was first studied in 1999 [37] . The coherent interaction leads to the splitting of the dark states and the emergence of very sharp, high-contrast structures in the optical spectra. Two years later, quantum interference induced by the interacting dark-state resonances was experimentally observed [38] and after that several different schemes were explored for Doppler-free resonance [39] , nonlinear optics [40] , and group velocity controlling [41] . In this paper, we present a laser cooling technique based on DDR in a four-level atomic system, which has allowed us to achieve cooling of atoms to temperatures as low as 4 × 10 −4 E r , extremely far below the recoil energy limit (E r ). Physically, the attainable temperature in laser cooling methods is determined by a balance between dissipative force and heating rate due to the spontaneous emission. Here, distinctive spectral feature of the DDR significantly reduces the heating rate and simultaneously strengthens the dissipative force and finally leads to a surprisingly low temperature of about 0.3 nK for the case of g p e -ikx g p e ikx g 41 g 42 Figure 1 . Two counter-propagating probe laser beams with equal intensity interact with four-level atoms which are considered to be transversely confined so that they restricted to move along x direction. The coherent and the coupling fields-g 42 and g 41 , respectively-propagate perpendicularly to the probe beams.
mercury, which may hold great promise for practical applications in laser cooling. We must reiterate the importance of the fact that the ultralow-temperature can be achieved without a magnetic field or a strong confining potential.
The Model
The considered atomic system is composed by four-level atoms which are coupled by laser fields and restricted to move along x direction, according to the scheme depicted in Fig. 1 and Fig. 2 
Moreover, laser field detuning with respect to the atomic transition frequency is given by ∆ ij = ω ij −ω ij . Noting that the general expression for a Rabi frequency is defined as g = ( µ. E)/ with µ and E being the atomic dipole moment of the corresponding transition and amplitude of the field, respectively. This system can be realized in mercury with the probe transition at 253.7 nm (see Fig. 2 (b) for more details). As the prominent work by Holland et al. [36] argues, in a case of a weak probe field, the cooling mechanism is similar to a Doppler cooling; A moving two-level atom is illuminated by two beams counter-propagating in the ± x in which the probability for the atom absorbing light depends on its velocity through the Doppler effect. For the atom moving to the right, a Doppler-shifted frequency from the left beam, i.e., ω p + kυ is obtained and from the right propagation beam, a frequency of ω p − kυ. If the light is red-detuned, the atom is most likely to absorb photons moving towards. Similar to the conventional Doppler cooling of the two-level atom, we here adopt a similar approach and assumed that the probe field is composed of a pair of counter-propagating laser beams with equal frequency aligned in x direction and z-polarized two other beams propagate along the y direction (see Fig. 1 ). So, the electric field in the z direction can be written as
with k = ω p /c being the wave vector of the probe field.
Hamiltonian of the system for the special case ∆ 41 = ∆ 42 = 0 and ∆ 23 = ∆ p as the probe field detuning can be written aŝ
Here H.c. corresponds to the Hermitian conjugate of the terms explicitly written in the Hamiltonian. The first term accounts for atomic motion and other terms describe the internal atomic levels. We also introduce the quantum projection operatorσ lm = |l m|.
In the presence of dissipation, the evolution of the system is described by BornMarkov quantum master equation for the density matrixρ
Where the Linblad superoperator L[Ô]ρ = 1/2(2ÔρÔ † −Ô †Ôρ −ρÔ †Ô ) describes incoherent processes and k ′ , k ′′ , and N 1,2,3 (u) are the wave-vector associate with |2 −|4 , |1 − |4 , and the corresponding normalized dipole radiation pattern projected along the x direction, respectively.
For temperature sufficiently high as to satisfy that the typical kinetic energy (E r ) exceeds the recoil one, the motional dynamics is well described by a semiclassical treatment in which the translational motion is treated classically, the internal motion quantum mechanically and mapping x → x and p → p is made with x and p being as classical variables. We then proceed to calculate two prominent parameters to characterize a sample of atoms in the semiclassical approximation, i.e., friction coefficient and diffusion constant.
The force on the atom is given by the negative gradient of the Hamiltonian which takes the form F = dp dt = dp dt
As is seen, the main observable is the coherence, ρ 32 , which can be obtained by solving the density matrix equations of motion which have been worked out in Ref. [41] .
On the other hand, the linear susceptibility of the weak probe field can be written as [28] where N and η p are, respectively, atom number density in the medium and the probe transition dipole moment. Real and imaginary parts of the susceptibility correspond to the dispersion and absorption, respectively. Notice that, throughout the discussion, for simplicity we have written relation between the coherence and the susceptibility as
Next, we derive expression for ρ 23 when the atom is not at rest, but moving with velocity υ = p/m. In the weak probe regime, modifying the equation for the coherence to incorporate atomic motion, we find
and by substituting Eq. (6) into Eq. (4), in the limit of slowly moving atoms, we find
Separating out the real and imaginary parts of χ, it is found that there are contributions from the reactive and dissipative components of the atomic response, so terms appeared can be interpreted as the conservative dipole force and radiation one, respectively. The former can be ignored in the weak probe field and averages to zero over a wavelength, while the latter will give rise to a velocity-dependent dissipative force which is approximately linear with respect to the atom velocity in the sense that negative of the slope yields the friction coefficient η(x) [36] . Note that the friction coefficient can be easily earned and averaged over one wavelength via the steady-state solutions of the coherence ρ 23 . In order to accurately incorporate the role of the fluctuations, we then include a stochastic term in the equation of motion dp dt = −ηp +ξ(t),
whereξ(t) is the classical noise satisfying ξ (t) = 0 and its two-time expection value is defined by ξ (t)ξ(t ′ ) = 2D δ(t − t ′ ) with D being the diffusion constant as follows 2D = dp 2 /dt − 2 p dp/dt [42] . Generally, there are two main heating sources; We can understand the first one in terms of the momentum kicks imparted to atoms by spontaneous emission and the second arises from the zero-point fluctuations of the atomic dipole moment [43, 36] . Indeed, we include the stochastic term (ξ(t)) to account for both heating sources. Physically, the finite equilibrium temperature T is determined by the balance of dissipative force and diffusion and consequently, we expect that cooling will proceed until the heating rate equals the cooling one.
We have then taken the dipole pattern: N 1,2,3 (u) = 1/2δ(u + 1) + 1/2δ(u − 1) which is explained by assuming that the momentum kicks happen with equal probability and only along the ±x. Now, we can calculate the diffusion constant by solving the master equation for the density matrix, Eq. (3), and following the prescription in Ref. [44] . Assuming that the system approaches thermal equilibrium at long time (ηt ≫ 1), the final temperature attainable by the cooling mechanism is determined by the balance of the diffusion constant and friction coefficient
Using the semiclassical approach described in previous paragraphs, we will calculate friction coefficient, diffusion constant, and thus the equilibrium temperature for the four-level atomic system of mercury. Our results are represented in scaled quantities to obtain the best possible comparison with other cooling techniques; Friction coefficient and diffusion constant are divided by E r / and mE r , respectively. The temperature is also scaled by E r /k B . Noting that the recoil velocity υ r is the change in the atom velocity when absorbing or emitting a resonant photon, and is given by υ r = k L /m and accordingly, the recoil energy is defined as the kinetic energy of an atom moving with velocity υ = υ r , which is ω r = 2 k 2 L /2m.
Results
We will break the analysis into two cases: 1) Without interacting dark-state resonance in which we have an Autler-Townes doublet with a dip in the absorption at zero detuning, i.e., a partial EIT. 2) With interacting dark-state resonance where a high-resolution peak appears in the optical spectra due to the presence of interacting dark resonances. In order to orient our discussion, we begin with the case of the Autler-Townes doublet and by calculating the friction coefficient and diffusion constant as well as final temperature from semiclassical treatment, show that the scheme exhibits behavior similar to that found in previous studies in which the lowest achievable temperatures have been limited to around the single-photon recoil energy. We then discuss the case of the DDR, a threephoton phenomenon, and show how the lowest temperature can be orders of magnitude smaller than the recoil energy. Noting that, here, two different approaches are used in order to determine the achievable temperature: In addition to a semiclassical approach that allows us to derive the friction coefficient, the diffusion constant and the equilibrium temperature, we use a full-quantum one. 
Without interacting dark-state resonance
In Fig. 3 , we show the imaginary part of the probe field susceptibility χ versus the probe detuning ∆ p , which corresponds absorptive properties of the medium. In this figure, the perturbing laser field is switched off (g 41 = 0) and other parameters are γ 41 = γ, γ 23 = 0.14γ, γ 42 = 0.79γ, γ 13 = 0.01γ, g p = 10 −4 γ, g 42 = 4γ, and ∆ 42 = ∆ 41 = 0. It is worth noting that the ratios of the decay rates correspond to the case found in mercury. We have added a weak decay rate γ 13 , since otherwise in the steady-state all population is trapped in |1 . The driving field, with the Rabi frequency g 42 , leads to an Autler-Townes doublet with a dip in the absorption at zero detuning, i.e., partial EIT. In the case of a long-lived state |4 , the EIT leading to the partial transparency would be more pronounced such that the absorption vanishes at zero detuning. Fig. 4 shows friction coefficient and diffusion constant as a function of the probe detuning (∆ p ). As is seen, we find a positive friction coefficient for the left side of the left peak and the right side of the right peak, meaning that the force will act to cool the atoms. In addition to the friction, however, we also need to calculate the diffusion, characteristic of heating caused by the stochastic nature of spontaneous emission processes. Hence, for considering the final temperature attainable by Doppler cooling, we should look at the diffusion (dashed line in Fig. 4 ).
Since we now know both the diffusion constant and the friction coefficient, we can calculate the final temperature attainable by the Doppler cooling, which is shown in Fig. 5 . As is seen, the attainable temperatures are limited by the recoil limit and the lowest temperature is found to be 6.6 E r at ∆ p = −460 E r / . The temperature is approximately the same value previously found in the sub-Doppler laser cooling where the lowest achievable temperatures have been limited to around the single-photon recoil energy. As an explicit example, consider the mercury and the final temperature would be 0.25 µK at ∆ p = −45 MHz. Keeping in mind that the motion is well described by a semiclassical treatment as the temperatures exceeds the recoil limit and there is no need to adopt a fully quantum mechanical treatment of the motional wave-function.
-460 -530 -600 
With interacting dark-state resonance
Here, we put very few restrictions on the scheme presented in previous subsection: A weak perturbing field with the Rabi frequency g 41 = 0.04γ is applied and a negligible decay on transition |3 ↔ |1 is assumed, since a trapping in this state is now avoided by the additional laser field. Imaginary part of the probe field susceptibility versus the probe detuning ∆ p is plotted in Fig. 6 . The results are identical to Fig. 3 except for a narrow absorption spike at around zero detuning. Again, for a long-lived state |4 , the transparency regions on each side of the absorption spike would become two points of EIT, i.e., a double dark state [37] . In addition to the Autler-Townes doublet structure, we have a narrow absorption spike appeared around zero detuning due to the threephoton resonance |1 → |4 → |2 → |3 . Noting that the width of the spike is much less than the natural linewidth.
The cooling in this case exhibits distinctly different characters, having a small heating rate and simultaneously a strong dissipative force, as will be shown below. Friction coefficient and diffusion constant as a function of the probe detuning are plotted in Fig. 7 . Similar to the conventional Doppler cooling of the two-level atoms, we here have a absorption peak but with a significant narrower linewidth, and by analogy, it might reasonably be expected to be necessary for the probe beam to be detuned to the red (lower frequency) of the resonance. So, for red detuning, ∆ p < 0, the friction coefficient is positive which means that the system will cool. The important point to note is that the DDR may hold the potential to drastically strengthen the friction coefficient. Also, compared to a recent work on sub-Doppler laser cooling [36] , heating rate and subsequently the diffusion constant are significantly reduced by about four order of magnitude mainly due to small upper-level populations. Using the diffusion and friction results, it is straightforward to find reachable temperature from the semiclassical approach which is plotted as solid line in Fig. 8 . As mentioned before, semiclassical treatment is valid only if the predicted thermal energy from the semiclassical treatment (k B T ) exceeds the recoil energy (E r ), in other words, if the atomic wave packet of the center-of-motion is well located within the region of the laser wavelength; otherwise, the semiclassical analysis is no longer valid and the degrees of freedom (position and momentum) should be treated as operators [45] . As can be seen from solid line in Fig. 8 , for the whole detuning range of the pump laser, the predicted thermal energy from the semiclassical treatment is much smaller than the recoil energy. Accordingly, the coherence length of the atomic wave packets, ξ ∼ /m∆ν with ∆ν ∼ k B T /m, is much smaller than typical laser wavelength for laser cooling and the temperature should be found by solving the density matrix quantum mechanically.
In the following, we present the results of full quantum analysis using Monte-Carlo wave function (MCWF) method [46] in which fluctuations and dissipation originate from a quantum jump. This approach, equivalent to the standard master equation one, can be applied to a wide variety of quantum optics problems [36, 47] . For a system with a number of states much longer than unity, the MCWF approach can reduce computation complexity compared with the master equation treatment as the wave function involves only N components, smaller than the number of variable involving in the density matrices. Consider a wave-function that is expanded in terms of the internal states (i) and quantized momentum (p ′ ). At a time t, the general quantum state in this basis can be written as
Indeed, we expand the center of mass components of the wave-function on a set of states with momenta p + n k with integer n, giving a gird of momentum basis states that ranges from −N k to N k. In practice, we have to limit the grid, and we consider it sufficient to take −50 ≤ n ≤ 50 in such a way that a further increase of N did not give the different results. Generally, the evolution of c i,n (t) consists of sequences of two steps; First, the wavefunction evolves with the non-Hermitian Hamiltonian H ef f = H − i γ 23σ22 − i (γ 41 + γ 42 )σ 44 in order to account for the dissipative processes induced by the spontaneous emission. Second, we randomly decide whether a quantum jump occurs. In fact, when the norm of the wavefunction is smaller than a fixed initially produced random number, this single dissipative event occurs. Finally, we use the MCWF method to accurately determine the minimum reachable temperature. Here, a comparison is made of the solutions based on the semiclassical approach (solid line) and the MCWF treatment of the full quantum solutions (circle). As depicted in Fig. 8 , the temperature does go far below E r and obtained subDoppler temperature (∼ 1.5 E r ) in the recent work of Holland et al. is surpassed [36] . Remarkably, the lowest temperature is found to be about 4 ×10
−4 E r at ∆ p = −0.001 E r / . Indeed, our suggested laser cooling mechanism takes advantage of the DDR, a phenomenon due to three-photon resonances, and cooling of atoms down to such surprisingly low temperatures can be achieved. While, in the above-mentioned mechanism based on the EIT, e.g., a two-photon phenomenon, the temperature does not go below 1.5 E r : A reason for substantiate the claim that, under the appropriate circumstances, the transition including more number of photons, the lower minimum reachable temperature.
In the suggested configuration with mercury and by considering the typical values, the final cooling temperature at ∆ p = -97 Hz is estimated to be 0.3 nK. It is also of interest to see whether the spontaneous decay rates have a substantial effect on the cooling, so we have also calculated the minimum reachable temperature for the commonly used alkali atom 87 Rb; Considering its typical values [36] , the final cooling temperature is estimated as 0.95 nK. We attribute this behavior to the fact that the DDR now becomes slightly broader for the 87 Rb and thus the temperature does not reach as low as that for mercury.
Our discussion thus far implicitly assume that the atomic gas was dilute, while in laser cooling experiments, this approximation will fail and the sample is dense enough that the atoms start to affect each other. So, we would need to account for two effects: Laser attenuation and multi-atom interactions. 1) A thick sample attenuates any laser beam propagating through it and subsequently the intensity of the cooling beams will shrink with distance and may be subject to strong nonlinear optical effects [48] . Therefore, the force will acquire a spatial gradient resulting in position-dependent cooling and so in real systems, fewer atoms may be subject to the dissipative force. This adverse effect, arising from the photon absorption and dispersion in the sample, may considerably affect the achievable temperature. Although, using the almost zeroabsorption region on the DDR structure could significantly lessen this unfavorable effect. 2) A more prominent effect emerges when we consider the multi-atom interactions in the dense gas. Indeed, these interactions including ground-state collisions of atoms, induced electric dipole-dipole interactions as well as light-assisted collisions could limit the total number of atoms that can be cooled [36] . In many cases, these kind of interactions can be mediated by photon emission and so can be suppressed by using the almost negligible absorption region on the DDR structure [36, 49] . We do not calculate the multi-atom effects in current paper, however, the multi-atom Heisenberg-Langevin equation or, alternately, a multi-atom master equation [50] as well as coupled atom dynamics in a dense sample [51] would provide a valuable extension for future work.
As a last remark, we would like to point out that we deal with temperatures near or below Bose-Einstein condensate (BEC) critical one; Typical critical temperature of the BEC is about a few hundred nK, almost two orders of magnitudes higher than the cooling limit achieved in our suggested scheme. For instance, the final cooling temperature is found to be about 1 nK for the rubidium atoms. For those atoms at 1 nK, the de Broglie wavelength of the atom is about 6 µm which is almost comparable to the atomic cloud size, resulting in modifying the efficacy of the cooling or altering the attainable temperatures. Nonetheless, there is one outstanding feature about the suggested system, and indeed any system with the DDR, and that is significantly reducing the heating rate and simultaneously strengthening the dissipative force.
Conclusion
In summary, this paper has proposed and analyzed a potentially super-ultralow temperature laser cooling mechanism in a four-level atomic system which takes advantage of the sharp spectra induced by the DDR. We developed the results of a semiclassical approach and found that the distinctive spectral feature of the DDR significantly reduces the heating rate and simultaneously strengthens the dissipative force, compared to related works on sub-Doppler laser cooling. By treating both internal and translational degrees of freedom quantum mechanically, we then found that the scheme has allowed us to achieve cooling of mercury atoms to a surprisingly low temperature of about 0.3 nK which could be orders of magnitude less than the best previously published results on sub-recoil laser cooling. 
